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Abstract— This work presents an empirical study
that compares the performance of Bayesian filters
for orientation estimation using data provided by an
Inertial Measurement Unit. A two-stages measure-
ment update was implemented for different variants
of Kalman and particles filters using quaternions as
orientation representation method. Empirical results
show that all tested algorithms converge to the correct
orientation even if the initial orientation is unknown.
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1 INTRODUCTION

An important topic in the research field of mobile
robotics is autonomous navigation, in which it is required
to determine the robot position and orientation with high
precision. The problem of position and orientation (also
known as pose) estimation depends on the kind of robot
locomotion, being either terrestrial or aerial robots. Re-
cently, there is an increasing interest in using Unmanned
Aerial Vehicles (UAV) for autonomous tasks for different
applications. Pose estimation for aerial vehicles has to be
performed in tree dimensional space, which is composed
of 6 variables (3 for position and 3 for orientation). More-
over, this also applies for Autonomous Ground Vehicles
(AGV) operating in an outdoor environment in rough ter-
rain.

In mobile robotics there exist different types of sensor
that can be used for position and orientation estimation,
and generally a combination of the data provided by sev-
eral of them provides better results. This combination is
known as sensor fusion or integration, and Bayesian fil-
tering is widely used approach for doing it. Generally in-
ertial sensors like accelerometers, gyroscopes, and mag-
netometers are combined for pose estimation in mobile
robotics; and recently the development of MEMS (Micro
Electro Mechanical Systems) [1] applied to inertial sen-
soring has made possible to reduce their production cost.

Bayesian filtering is a recursive method used for state
estimation based on measurements affected by noise with
known statistical description, together with the stochas-
tic state space system model [2]. Moreover, as previ-
ously mentioned, Bayesian filtering can be used to per-
form information fusion using different sensors. Nu-

merous implementations of Bayesian filters exist, be-
ing either Gaussian or non-Gaussian approaches. Gaus-
sian approaches include the generally used Extended
Kalman Filter (EKF)[3], and the Unscented Kalman Fil-
ter (UKF)[4]; and non-Gaussian approach are based on
Monte Carlo method known as Particle Filters (PF)[5].

Extended Kalman Filter (EKF) is an extension of the
Kalman Filter (KF), where the main difference is that
while the latter is applied for linear system the former
is for non-linear cases. The linearization in EKF is per-
formed using a first order Taylor series expansion cen-
tered in the estimated value, which is used to propagate
the mean and covariance of a Gaussian random variable.
In a different way, the UKF avoid the use of a lineariz-
ing version of non-linear model because is based on the
Unscented Transform (UT). The UT allows to propagate
a Gaussian random variable through a non-linear func-
tion, and differs from the Taylor expansion in the sense
that the UT directly approximates the mean and covari-
ance of the target distribution instead of trying to approx-
imate the non-linear function. The Unscented Transform
works by choosing sample points (sigma points) deter-
ministically which capture the mean and covariance of
the original distribution. This points are transformed by
the non-linear function and then statistics of the trans-
formed samples are computed. On the other hand, Par-
ticle Filter (PF) works similarly to the UKF in the sense
that the target distribution of a given random variable is
represented by samples or particles, even thought it is not
restricted to Gaussian or even unimodal distribution. An
special case of PF is the Gaussian Particle Filter (GPF)[6]
which is based on the propagation of the mean and co-
variance matrix of the variables. The implementation of
a PF have an important problem known as sample degen-
eracy, which can be partially overcome using resample
techniques. However, in GPF sample degeneracy can be
avoided by drawing new samples in every step using the
estimated mean and covariance matrix.

In this work, a comparative study of different Bayesian
filtering methods will be performed applied to the prob-
lem of orientation estimation using inertial measure-
ments from MEMS sensors. In this respect we extend
the work done in [7] and [8] in comparing other filters
(PF and GPF) capable of being implemented in paral-
lelizable platforms. The orientation estimation is based
on quaternion representation which presents some ad-
vantages against other orientation representation. The
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stochastic state space model for quaternion estimation
will be described in details. A comparative evaluation
will be shown using EKF, UKF as well as PF and GPF,
all based on measurements from real sensors.

This work is organized as follows. In Section 2, an
introduction to recursive Bayesian state estimation tech-
niques including EKF, UKF, PF and GPF are given. De-
tails concerning the implementations of the different fil-
ters is discussed in section 3. Finally, theirs results are
shown in section 4.

2 BAYESIAN FILTERS

Given a stochastic state-space model, with

X1 = fr(Xe, W), ()
Yi = he(Xk, Vi), 2

as the process and observation equations respectively
where x;; € R" is the state vector at time k, with
fr : R™ x R™ — R" as a state transition function and
where y;,, € RP” is the observation vector at time k, with
hi : R® x R" — RP as a measurement function relating
the state vector x;, with the observation y,. Additionally
wy € R™ and v, € R" are zero mean white noise.

Considering a time step k, if p(Xgy—1|Dx—1) is avail-
ableatk — 1, with D1 = {y; : ¢ = 1,...,k — 1} the
set of all measurements until &, it is possible to use the
system model to find the prior state probability density
function (pdf)

P(Xg|Di—1) = /p(Xk\qu)p(qu\Dkq)dxkfh
©)

where p(xXy|Xx—1) is the state transition pdf from step
k — 1tostep k.

Later, when observation y,, is available, the prior state
can be updated via the Bayes rule

(Y5l Xk )p(Xk| Di—1)
(Y| Dr—1)

p(xk|Dx) = “4)

where
p(y/xXk) = /§(Yk — hie (X, Vi) )p(Vi)dvi  (5)

is known as likelihood and can be obtained by the system
measurement model and parameters of the noise vy,.

The denominator of (4) is a normalization factor called
evidence and it is given by

P(Yp|Dr-1) = /p(Yk|Xk)p(Xk|Dk—l)ka- (6)

The goal of the recursive Bayesian filter is to find the
current state pdf p(xy | Dy,) given all the information avail-
able at the discrete time k with the successive application
of prediction and update, (3) and (4) respectively.

When f(-) and h(-) are linear, it is possible to find a
closed-form solution and the KF algorithms are suitable.
Otherwise, alternative methods must be used.

2.1 Extended Kalman Filter

The Extended Kalman Filter is a variant of the KF in
which fi(-) and hg(-) are linearaized around the esti-
mated state X;. Formally, given the discrete time non-
linear system in (1) and (2) the state estimation Xy, is per-
formed following the next steps.

e Prediction. Compute the process equation Jaco-
bian around previous state estimation X;_; and
predict the state X, and covariance error matrix

Py
Ofk—1
F._ 1= 7
k—1 ox ik—l, (7
Qi1 = Elwi_1wi_], ®)
Xp = fri—1(Xe—1), 9)
Py =FyaPea B + Qi (10)

e Update. Obtain the measurement equation Jaco-
bian around the predicted state of the actual step
X;, then update the state prediction and covariance

error matrix

= 2] (n

5) QP

k
Ry = E[Vng], (12)
K, = P HE (H P HE +Ry)™Y,  (13)
Xp, = Xy, + Ki(yy, — hi(x5,)), (14)
Py = (I — KiHy,) Py, . (15)

2.2 Unscented Kalman Filter

Another way of dealing with non-linear functions is us-
ing the unscented transform (UT). The UT is a numerical
method used for estimate the mean and covariance of a
random variable after a non-linear transformation.

2.2.1 Unscented transform

Given arandom variable x with mean X and covariance Py
and a non-linear transformation ®(-), UT seeks to obtain
anew random variable y = ®(x). It is possible to recover
the statistic parameters of y via the unscented transform
following the next steps.

o Calculate sigma points X = {&; : i =0,...,2n}
with n the state space dimension

Xy =X, (16)

Xi=X+VI+ XS, i=1,...,1, a7

=

~VIFN-S;, i=1+1,...,21, (18)

I
M

3

with A\ = a?(I + k) — [ and [ the dimension of the
state space. S; is the i-th column of a Cholesky de-
composition of matrix Py to get Py = SST. The
parameter « determines the spread of sigma points
around the mean, & is a secondary scaling parame-
ter which is usually set to 0 or 3 — [[9].
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o Calculate each sigma point weight W

m A
Wo —714_)\, (19)
wee 2 11 _a?4p 20)
0T T > T
m C ___ )\ .
Wi =W = gy 1= L2l @D

The parameter § is used to incorporate prior
knowledge of the distribution of x (for Gaussian
distributions 8 = 2 is optimal)[9].

e Apply the non-linear function f(-) to sigma points,
estimate new mean y and covariance Py and cal-
culate cross covariance between input and output

Py

Vi=®(X), i=1,...,2, (22)

21
y=> Wy, (23)

=0

21
Po=Y Wii-y)-i-9", @

=0

21
Py=Y Wi(Xi-%) -Vi-y" 29

=0

2.2.2 UKF implementation

Given the non-linear system modeled by (1) and (2) the
state estimation Xy, is performed as follows:

e Form the augmented state vector X* and augmented
error covariance matrix P with mean and covari-
ance from previous step and the process noise co-
variance matrix Q;_1 from (8)

(26)

P4 0
P = . 27
k—1 < 0 Qkfl > ( )
e Use the UT to obtain predicted state X;, and pre-

dicted covariance error matrix P, using ®(-) and
non-linear function f(-)

e Prepare a new augmented vector using predicted
state X;, , predicted covariance error matrix P, and
measurement noise covariance matrix Ry, like (12)

(28)

—a_( P 0
P; —(0 Rk) 29)
e Obtain the measurement prediction ¥y~ using UT
with the augmented elements obtained in the pre-

vious step and with non-linear function A(-) and
calculate Kalman gain matrix

Ky = PyPy (30)

e With Kalman gain update the state and covariance
error matrix

€29
(32)

Xp =X, + Kp(y -y ),
P, = P]; — KkuK]tc.

2.3 Particle Filter

This algorithm is so called because consists of a set of NV
elements or particles which are system state hypothesis.
Each of these particles have a paired weight proportional
to the likelihood of this state. Thus, a discrete pdf is ob-
tained without need of its parameters and it is possible to
deal with high nonlinearities in measurement and process
functions [5].

Formally, given a set of N particles or sam-
ples X1 = {x!,...,x"} and associated weights
W1 = {w',...,w"} distributed according to the

pdf p(xx—1|Dx—1), the particles filter performs the prop-
agation of samples through the non-linear function f(-)
and updates this samples via Bayes rule and non-linear
function A(-) to obtain the target pdf p(xy|Dy). This is
accomplished with recursive approximations of (3) and
(4) as follows:

e In prediction step, pass each particle through the
non-linear function

X = (X1, Wh_1), (33)

where w};71 are noise samples distributed accord-
ing to p(We—1).

e In update step, assign a weight value to each parti-
cle depending of their likelihood [10]

wy, o why pYEXL ), (34)
e Normalize particles weight.
. u)i
wp= 5 (35)
> wy
j=1

This implementation has the so called degeneracy prob-
lem, in which after a few steps, all but one particle will
have negligible weights. It is possible to reduce the ef-
fects of degeneracy with a method called resampling. In
this method, particles with higher weight are selected and
copied to replace those with smaller weights [10]. This
step is the bottleneck of speed performance in PF. Differ-
ent methods are known to perform the resampling [11]. In
the simplest [5], IV samples according to uniform distri-
bution U/ on the interval (0, 1] are drawn, and the particle
X' is selected for the copy as long as it meets with

m—1 m
Z wi, < u}c < Zwi 36)
= =0

After resampling, all weights must be set to 1/N.
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Assuming unimodality, the system state can be calcu-
lated using the particles and their updated weights, per-
form a weighted mean to obtain the estimated state X,

N
K= wixi .
1=1

2.4 Gaussian Particle Filter

(37

Gaussian particle filter is a variant of PF in which the
samples are drawn according to previous mean and co-
variance estimation in each step. Hence, the resampling
stage is not needed. The procedure is simpler than PF and
it is described in the following steps.

e Draw samples from previous mean and covariance
and denote them as {x] : j =0,..., M}

e Pass this samples through the non-linear process
function f(-) and compute the predicted mean X,
and covariance P,

X7, (38)

1L
P,;:H;x{y (39)

e Draw samples according to predicted mean X, and
covariance PP

e Obtain the likelihood of each particle using the
multivariate normal distribution as in (34)

e Normalize particles weight as in (35)

e Compute the mean X, and covariance Py, using the
particles and their weights

N

X =Y wix], (40)
7=0
N . .

Pp=Y wjx]. 1)
7=0

Since at each step the algorithm draws new samples,
the GPF does not suffer the degeneracy phenomenon and
does not need resampling step.

3 FILTER IMPLEMENTATIONS

The goal of the filter is the state estimation using inertial
sensor readings. Three axes accelerometers, gyroscopes
and magnetometers are available.

Orientation of a rigid body is defined by a rotation from
a reference frame to the current body frame. Generally,
the reference frame is a fixed coordinate system and the
body frame is attached to the body, consequently it rotates
and moves with it. For notation matters a left superscript
letter n is used to refer the navigation or reference frame
and b is used to refer the body frame.

E o—e EKF (4
. a—a UKF 4
. v PF [q
0T =—a GPF|
=f — GT |
2l — S PR
0.2f
0.1
= 0.0 —
S
-0.1
-0.2
0.2f
0.1+
0.0 —_—i —— ——
S
0.1}
0.2}
0.0
-0.2
-0.4
S
—0.6H
-0.8F
-1.0F
0 10 20 30 40 50
Steps

Figure 1: Estimated quaternions vs. GT

3.1 System State

The system state is composed of the orientation quater-
nion

q0

Xk = q = 2 , (42)

a3
which must always have unity norm.

3.2 Process equation

Given the time derivative of quaternion ¢[12]
(43)

with the skew symmetric matrix of w = [wy, wy,w,]"

0 —w; —wy -—w;
. Wy 0 Wy  —wy
Qw) = wy —w, 0 Wy (44)
W, Wy Wy 0
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Figure 2: Euler angles from estimated quaternions

it is possible to operate as follows to find the process
equation

dr — 41

1
Ar = gﬂ(w)qk_1 45)
1
q; = iﬂ(w)qk—lAt R P (46)
1
q = (29(“’>At+1> Q1. (47
then, using
1
Fi = §Q(w)At + 1, (48)
the process equation becomes
Xg = FpXp—1 + Wi_1, (49)

which is only valid if x;_; is normalized. It can be seen
than process equation is already linear.

3.3 Measurement equation

Measurement is performed in two stages, where the pre-
dicted state is updated first with the accelerometer read-
ings and next with the magnetometer. The accelerometer
is used as tilt sensor to obtain pitch and roll angles given
that accelerometer detects gravity. The magnetometer is

used to obtain yaw angle since it can measure the mag-
netic North. The two update stages allows the use of dif-
ferent rate sensors to correct yaw angle.

Measurement equations can be obtained using sensor
models. Considering a static body, accelerometers can be
modeled by

a, = R "g + b+ vap, (50)

where b is the bias and v, , is zero mean Gaussian noise.
Bias values can be neglected. Vector g is the accelera-
tion due gravity, which varies with latitude but it can be
considered constant in a reduced work space. Therefore
"g = [0 0 g]* can be supposed.

Hence, the rotation matrix from navigation to body
frame according to [12] becomes

2(q193 — 4290)
2(q293 + 9190)
9 — a4 — a3+

At the magnetometer update stage a similar reduction
can be made. Magnetometer vector "m = [my 0 mp]?
has two nonzero components, the North component and
the component pointing to the center of the Earth, this
third component can be eliminated given that it does
not provide information about the yaw angle. Once this
component is eliminated, normalization of the vector is
needed to get "m = [1 0 0]7. Hence, with the rotation
matrix from navigation to body frame the measurement
function becomes

har(Xk) =g (5D

Wra -6 -6
2(611(]2 - Q3(J0)
2(q193 + q290)

In (51) and (52) nonlinearities are observed and it can
deal with these using the described methods.

4 RESULTS

The evaluation test was made using data provided for a
commercial inertial measurement unit (IMU). This IMU
is able to provide Gyro-Stabilized quaternion and Euler
angles, as well as raw data from inertial sensor at 50Hz.
These additional features allows to compare the evaluated
algorithm with a ground truth (GT) provided by the IMU
itself.

All filters were set with the same parameters using the
known sensor noise statistics. Besides, both PF and GPF
are used with 30000 particles.

Figure 1 shows quaternion estimation obtained by each
evaluated filter where it can be seen that all filters con-
verge in few iterations. The fastest to converge is the
GPF and the slowest is the PF. The comparison was made
against the Gyro-Stabilized quaternion provided by IMU.
Figure 2 shows roll, pitch and yaw angles calculated from
quaternions of each filter [12]. Low variances are ob-
served in all the implementations. EKF, UKF and GPF
have a similar variance of +0.5°, while the PF shows a
poorer performance.

Figure 3 shows that all implementations have low esti-
mation error. The dashed lines show the 1o bounds.

han, (X1) = (52)
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Figure 3: Estimation errors of each filter and 1o covari-
ance bound

5 CONCLUSIONS

In this work, an evaluation of different probabilistic al-
gorithms for the rigid body orientation estimation was
presented. Four known Bayesian filters were described
and implemented, Extended Kalman Filter, Unscented
Kalman Filter, Particle Filter and Gaussian Particle Fil-
ter.

A two-stages measurement algorithm was tested. This
algorithm has the advantage of working with different
sampling rate sensors like accelerometers and gyroscopes
with digital compass or magnetometers or even cameras.

Due to its simplicity, GPF algorithm seemed to be a
good candidate for orientation estimation applications.
However, as it needs a rather large number of particles,
it turned out to be not so suitable for implementation on
simple architectures for real-time applications.

All filters show a similar performance for the quater-
nion based orientation estimation problem, but the GPF
overcomes to the PF in terms of the number of particles
required to achieve similar precision.

Future work will include parallelization of GPF for
real-time applications using GPU and data provided by
AGV or UAV sensors including inertial measurement
units and cameras, taking advantage of the two stage
measurement algorithm.
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